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Abstract. An efficient heuristic method called MINGFC (for MINimization of Global Fusion Criterion) is
proposed to select approximately optimal consensus partitions from the consensus interval defined by Neu-
mann and Norton. The method utilizes a dissimilarity measure, the number of partitions in which two ob-
jects belong to different classes. A new consensus index is defined as the ratio of the average of all
within-class dissimilarities to the average of all between-class dissimilarities. The lower this ratio, the mo-
re appropriate a given partition is as a consensus of the alternative classifications. This consensus index
serves as the fusion criterion in the agglomerative clustering algorithm of MINGFC which generates a se-
ries of consensus partitions. The result is represented by a set of at least two trees, in graph theoretical
terms: a consensus forest. To obtain a unique solution for any consensus problem, two procedures are sug-
gested to resolve ties encountered during the clustering process. If a particular level of the consensus fo-
rest is of primary concern, the partition into the given number of classes may be further improved by an
iterative relocation procedure. Artificial partitions and actual vegetation data provide the basis for illu-
strating MINGFC and iterative relocation, for evaluating the tie-breaking procedures, and for comparing

MINGFC with two other hierarchical methods of consensus generation.

1. Introduction

The users of cluster analysis are faced with the usual
dilemma of choosing among many techniques of classi-
fication. Unless an obvious group structure is present
in the data, the different clustering algorithms and re-
semblance coefficients potentially selected may produ-
ce quite dissimilar classifications. If interest lies in
examining the overall agreement of competing results,
a consensus of the alternative classifications provides
useful information. Nevertheless, the application of
consensus methods is not restricted to such situations.
For example, when results based on separate subsets
of variables are to be combined into a single classifica-
tion, consensus methods offer a solution. The overin-
terpretation of possibly unreliable details of alternative
classifications is thus potentially avoided (cf. Lefkovitch
1985).

It has been a common practice in numerical taxono-
my to synthesize several dendrograms into a single con-
sensus tree (cf. Adams 1972, Rohlf 1982, and references
therein). Whereas the literature abounds with sugges-
tions regarding the construction of consensus trees, it
seems that nonhierarchical classifications via partitions
are largely neglected from this viewpoint. Although va-
rious approaches to the generation of consensus parti-
tions have been available (Régnier 1965, Mirkin 1975,
Barthélemy and Monjardet 1981, Lefkovitch 1985), the-
se suggestions apparently escaped the attention of most
potential users. This situation is undesirable, because

in many applications of cluster analysis (e.g., classifi-
cation of plant communities, diseases, etc.) simple par-
titions of objects are equally interesting, if not more
interesting than hierarchical, representations of data.

In this paper a new consensus technique for parti-
tions is proposed. Unlike in the approaches referred to
above, the starting point employed here is that several
consensus partitions can be constructed for a given set
of classifications, except in the special case of all clas-
sifications being the same. The existence of several
meaningful consensus candidates is strongly emphasi-
zed in Neumann and Norton’s (1986) axiomatic ap-
proach. Given aset T = {t,, ..., t;, tj, ..., tgj of n
objects and a profile P = (A4, ..., A, ..., Ap)ofp =
2 partitions of T, those authors suggested that any ap-
propriate consensus partition C (P) must lie in the in-
terval I (P) = [C( (P), C; (P)] in the lattice IT of all
partitions of T. The upper bound of this consensus in-
terval is the full join of the p partitions

C,®=A, V. VA, - (Xgg=-1,..,1)

with T = X ; U ... U X,. The lower bound is the full
meet (or cross-partition)

Co(P) = Al JAN. /\1&p = [th g=1, veey I

h=1, ..., m (g)}



where m (g) is the number of classes in C ( (P) that are
subsets of X g, sothat Y g U ... U Y g (=X ¢z m (g)
y 1 for at least one g provided that the partitions in the
profile P are not identical. C ; (P) is termed in syste-
matics as the strict consensus of P. Any other consen-
sus candidate C(P) may be constructed by amalgamating
collections of Y 4, for each X g so that the following
inequality is satisfied:

Co() (C(P)(Cy(P) (1)

which-is an obvious consequence of the Pareto axiom
on clustering and isolation proposed by Neumann and
Norton (1986). Those authors asserted that there is no
clear answer as to the selection of a particular consen-
sus partition from I (P). The bounds of I (P) appear the
most straightforward candidates. However, in many
practical situations % m (g) is great and several single-

ton classes arise. That is, C  (P) is too fine from a prag-
matic viewpoint. On the other hand, a few objects with
uncertain class-membership are sufficient to reduce the
number of classes in C ; (P) to one, rendering trivial the
upper bound of I (P). The number of the remaining par-
titions that satisfy inequality (1) may be enormously lar-
ge, and Neumann and Norton’s approach seems to imply
that all are equally good candidates as a consensus par-
tition. This is not necessarily so, however, because fur-
ther distinction should be made among the partitions
within the consensus interval in terms of partial clus-
tering and partial isolation defined in section 2.1. Ba-
sed on these concepts, I propose a consensus index
which may be used to select optimal consensus parti-
tions from I (P). This index, denoted by v (C (P) ),
measures the appropriateness of C (P) | as a consensus
of P, where the subscript k refers to the number of clas-
ses in the given consensus partition and [C 3 (P)| ) k )
max {2, r}. Since the number of consensus classes (o}
cells) cannot be fixed according to internal criteria, the
problem is to find a partition Z, |Z|=k, for each value
of k, such that y (Z ;) is the minimum. Z is probably not
unique, and there may not exist an efficient algorithm
to select the optima. To obtain an approximate solution
to this problem, a heuristic method (minimization of glo-
bal fusion criterion, MINGFC) is proposed. A series of
consensus partitions, with the small classes nested in
large ones, is generated by an efficient agglomerative
hierarchical clustering method in which the consensus
index is adopted as the fusion criterion. The graphical
illustration of the results is the consensus forest, a set
of max {2, r} trees.

Considerable attention is paid to the problem of ties
encountered during the classificatory process. Two al-
ternative tie-breaking procedures are suggested, the
first based on single linkage fusions and the other uti-
lizing the concept of suboptimal fusions. The applica-
tion of these procedures leads to a unique result more

or less approximating the optimum consensus partition
for each value of k. However, if a particular partition
at a fixed value of k is sought, rather than the whole
consensus forest, uniqueness is subordinate to optima-
lity. In these situations, the result of MINGFC may be
improved by an iterative relocation method to get a clo-
ser approximation to the optimum.

Artificial and actual data, the latter taken from ve-
getation science, are used to demonstrate the consen-
sus generation. The performance of MINGFC is
compared with that of two other agglomerative me-
thods, the single and complete linkage algorithms. The
effect of the two tie-breaking procedures upon the re-
sults, and the utility of iterative relocation are also de-
monstrated using the same data.

2. The Generation of Consensus Partitions

2.1 Partial Clustering and Partial Isolation

The axiomatic approach of Neumann and Norton
(1986) utilizes the concepts of clustering and isolation
to construct the consensus interval I (P) in the lattice
IT of all partitions of T. These concepts are fruitful to
select all the potential candidates for consensus parti-
tions but are usually insufficient to find optimal solu-
tions to a particular consensus problem. This is because
clustering and isolation represent very strict set-
theoretical relationships for the consensus classes. Ho-
wever, there are some weaker relationships among the
classes which should also be considered in consensus
generation. To elaborate this point, suppose that objects
t ; and t 5 are clustered together in all but one of p par-
titions. Thus, t ; and t 4 are neither clustered nor iso-
lated in P. Yet, it can be said that t; and t, are
partially clustered in P to the degree of p-1. At the sa-
me time, they are partially isolated in P to a degree of
1. A straightforward consequence of this is that if p )
2 a consensus partition Rel (P) that clusterst; and t
together will be more optimal with respect to these ob-
jects than another partition Qel (P) which isolates them.
Since partial clustering and isolation of objects are com-
plementary terms, it is sufficient to use only the degree
of partial isolation in the sequel. For any objects t ; and
t;of T, the degree of partial isolation d j; is defined as
the number of partitions in which t ; and t j are assign-
ed to different classes in P. This measure may be con-
sidered as a dissimilarity* of t; and t;.

dj ranges from 0 to p, the extremes indicating (com-
plete) clustering and isolation, respectively. This dissi-
milarity measure is in fact not new, see e.g., Diday and
Simon (1976).

Turning to the problem of partialisolation and clus-
tering of subsets of T in P, consider classes Y 4 and

*d i is not a metric since the definiteness property (d ij = 0
iff t§ = tj) is not satisfied.
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Y g from X ;. The degree of partial isolation between
Yy and Y g in P is defined as the average of their
between-class dissimilarities:

B(Yg, Yg) = r X dij/n1n2

ieY gl jeY g2

wheren; = [Yglandny = Y 2l- The value of g (Y gl
Y .,) ranges from 0 to p; zero would result only for two
nonempty subsets of any Y ; but no such classes oc-
cur in the partitions within I (P), whereas p is obtained
for any pair of classes from C; (P). That is, 0 corre-
sponds to clustering and p indicates isolation in the sen-
se of Neumann and Norton (1986).

Let X ¢ (1, 2) denote the union of Y 5 and Y 4. The
degree of partial clustering of X g(1, 2) in P is defined
as the average of within-class dissimilarities:

E E d u/Il 12 (n 12—-1)/2

aXga o) =
gl ieXg (1, 2) IXg (1, 2)

wherei # jand n 13 = |X g1 2). The value of a (X g 2))
ranges from O to p; O results for every class of C , (P)
(clustering) whereas p cannot be reached within I (P).

2.2 A New Consensus Index for Partitions

There are two fundamental requirements that should
be satisfied by an optimum consensus partition in I (P),
given a fixed value of k. The average of within-class
dissimilarities should be minimized for all consensus
classes, whereas the average of between-class dissimi-
larities should be maximized for every pair of consen-
sus classes. This is analogous to the duality of cluster
cohesion and separation in a general cluster analysis mo-
del (cf. Cormack 1971). « (X g(1,2) and g (Y gls Y g2)
cannot be used for optimization because they apply to
one class and to one pair of classes, respectively, allow-
ing the optimization of local properties of C (P) y only.
A global measure that reflects overall partial clustering
and overall partial isolation of classes is necessary. Ove-
rall partial clustering of the classes of C (P) , in P is de-
fined as the average of all within-class dissimilarities:

k

k
«cCP®Y- L X Edn/gnc(nc—l)ﬂ

=1 ieX, JeX¢

where X . denotes a consensus class of C (P), i # j
and n. = |X . Overall partial isolation of classes of
C (P) y in P is defined as the average of all between-
class dissimilarities:

=

—1

BC®W - X

k k—1 Kk

Y Y Ya, /X X .
d=c+1 ieX, jeX, lJ/c=1a|=c+1nc fa
An optimum consensus partition of T into k classes
could be selected from I (P) by minimizing « (C (P) ;)
and maximizing 3 (C (P) ). However, the two extremes

are not necessarily associated with the same partition.
Therefore, I suggest to use the ratio of overall partial
clustering and overall partial isolation of classes of
C(P)inP,

a (C(P)y)
C@®),) = ———— |
¥ (C P)y) 5(C(P)y

as a measure of the adequacy of C (P)  as a consensus
of the original profile of partitions. The lower bound
of the consensus index v (C (P) ) is 0, obtained for
C o (P) and of course for any other partition which is
finer than C  (P). The larger this ratio the greater the
deviation of the consensus partition from the strict con-
sensus represented by C , (P), so that v (C (P) ;) mea-
sures dissimilarity between a proposed consensus
partition and C  (P). A sensible upper limit of the con-
sensus index is 1. Thiswould imply equal within- and
between-class dissimilarities, but such an extreme si-
tuation cannot arise within I (P). The actual upper
bound of v (C(P) ) isy (C; (P))ifr ) 1. Forr = 1, the
consensus index is undefined because the average of
between-class dissimilarities is undefined. In this case,
the actual upper limit is yielded by the worst two-class
partition of T in I (P). Note that for randomly genera-
ted ‘“‘consensus’’ partitions, the value of v (C (P) ;) may
exceed unity.

2.8 A Hierarchical Approach to Consensus Generation

In lieu of algorithms with polynomially-bounded ti-
me complexity, the selection of optimum partitions
from the consensus interval implies the examination of

IT(P) = B(m (1)) B(m(2)... B(m(r)

partitions, where B (m) is the Bell number that counts
all the possible partitions of a set of m elements (cf. Neu-
mann and Norton 1986). For each value of k, that par-
tition is the optimum for which the consensus index
takes the minimum value. The prolem is that [I (P)} may
be very large and that no efficient algorithm is known
as yet to select the optimum. Also, the optimum for
each k is not necessarily unique. As long as an efficient
method is unavailable, it may be practical to use a re-
latively fast algorithm which provides a unique result
that approximates the optimum partitions. For this pur-
pose, an agglomerative hierarchical procedure is sug-
gested. The basic idea is that a hierarchical classification
of n objects is generated according to their class-
membership relationships in P. As in other agglomera-
tive methods, in each cycle of the analysis two objects
are fused into a consensus class if the consensus index
calculated for the new partition obtained is the mini-
mum. The main steps of the algorithm are as follows.

1. Calculate the dissimilarity matrix D = {d ij) of
the n objects. d j; is the number of partitions in which



tjandt;are assigned to different classes in P (partial
isolation of object pairs, see section 2.1). The entries
of D will be used throughout the analysis. Set the num-
ber of classes, k, equal to n.

2. Calculate the secondary matrix T' = {y)
containing the consensus indices for every pair of ob-
jects (classes). v j measures the goodness of the new
consensus partition obtained by amalgamating objects
(classes) i and j. The consensus index is used as the fu-
sion criterion, and those two objects are fused for which
v is the minimum. Set k=k—1.

3. Examine whether k is larger than max {2, r}. If
so, the analysis proceeds by going back to step 2. Other-
wise the analysis stops because:

a. If r=1, the consensus index is undefined for the
single class obtained by the fusion of the remaining two
classes.

b. If r = 2, we have isolated classes whose fusion,
although the consensus index is computable, would pro-
vide a partition which is not an element of I (P).

4. Output the result. Unlike in other hierarchical clus-
tering procedures, the result is not a dendrogram but
a collection of max {2, r} trees, in graph theoretical
terms: a forest.

In addition to differences in the graph theoretical
properties of results, there is another important diffe-
rence between the commonly used agglomerative pro-
cedures and the above algorithm. Instead of local fusion
criteria (e.g., the distance between pairs of clusters in
the methods compatible with the Lance-Williams (1966)
scheme), this strategy utilizes a global fusion criterion:
the fusion of two classes is conditioned upon the good-
ness of the whole partition as a consensus in any step
of the analysis. The abbreviation MINGFC (MINimiza-
tion of Global Fusion Criterion) will be used in the se-
quel when reference is made to this clustering strategy.

Consensus partitions could be generated from D by
other clustering algorithms. For example, the method
suggested by Diday and Simon (1976) without explicit
reference to consensus generation, implies a complete
linkage sorting strategy: classes are formed at increas-
ing values of ¢ (0 = ¢ = p) such that within-class dissi-
milarities do not exceed c. Single linkage clustering re-
presents another possibility to recover data structure.
The two methods will be compared with MINGFC using
both artificial and actual data in section 3.

2.4 Treatment of Ties

The algorithm of MINGFC, in the form presented abo-
ve, would leave a serious question unanswered: what
happens if there is no unique minimum of v in step 2?
Most hierarchical procedures do not offer a solution for
this problem, and arbitrary choices among tied pairs are
made. Thus, these methods are i11-defined, the result
being dependent on the labeling of objects (Jardine and
Sibson 1971). The single linkage method is an excep-

tion; its result is unique regardless the number of ties
occurring in the dissimilarity matrix.

2.4.1 Single Linkage Solution

There are several types of ties that may be found du-
ring the analysis. These are best-described using graph
theoretical terms. Let G be a graph (‘‘tie-graph’’) who-
se vertices represent the objects (or classes) associated
with a tie at the dissimilarity level v . Two vertices
v g and v  are connected by an edge € o, in G if v o =
¥ min- According to the connectedness of G four types
of ties can be distinguished:

a. G is complete (Fig. 1a);

b. G is disconnected and all isolated subgraphs (i.e.,
components) are complete (Fig. 1b);

c. G is disconnected and at least one component is
not complete (Fig. 1c¢); and

d. G is not complete but is connected (Fig. 1d).

The resolution of ties is straightforward in the first
two situations: all the objects are amalgamated into a
single class by a multiple fusion (case a) or several clas-
ses are formed simultaneously, each corresponding to
a component (case b). In case ¢, classes represented by
complete components may be formed and the others
could be excluded from the fusion, thus leaving the de-
cision for the subsequent clustering steps. However, sin-
ce the results of single linkage clustering are not
influenced by ties, the single linkage criterion, as ap-
plied to tied pairs, offers a possible remedy of the pro-
blem. That is, any two objects are fused into the same
class if there exists a path between their corresponding
vertices in G. As a result, in case d all the objects asso-
ciated with the tie will be pooled into the same class.
In this way, MINGFC will produce a unique result in
which multiple fusions, simultaneous fusions and the
single linkage solutions will indicate the type of ties en-
countered and will depict data structure where the re-
lationships are ambiguous.

The incorporation of this tie-resolving procedure into
the algorithm of MINGFC may give rise to another si-
tuation in which the analysis must stop. This is when
a single class would remain after the fusions. In that
case the consensus index is undefined; therefore these
fusions are omitted and the clustering process termi-

a b c d e
Fig. 1. Graphs illustrating different types of ties (a-d) and
chaining, a special case of type d ties (e).
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nates with the number of classes present in the previous
cycle.

2.4.2 Suboptimal Fusions

A problem with the single linkage solution of ties is
that the resulting classes may include two quite dissi-
milar objects because there is a sequence of objects that
connect them (‘‘chaining effect’’, Fig. 1e). To overco-
me this problem, I suggest another procedure for eli-
minating ties in a different way for cases ¢ and d. In
cases a and b, the solution is the same as above.

In case c, only the objects associated with isolated
complete subgraphs will form classes, and the decision
for the other objects is postponed for the next cycle.
Therefore, it is sufficient to provide a tie-breaking pro-
cedure for case d.

The basic idea is that the fusion of tied objects is
ignored and the next lowest value is found in T". If the-
re are no ties, or only type a, b or ¢ ties occur at this
suboptimal value, simple, multiple, or simultaneous fu-
sions are performed. Then, the analysis proceeds with
the next clustering step. Since the optimum value is
skipped, these operations may be termed suboptimal
fusions. If type d ties occur at the suboptimal level, the
search continues as long as the lowest value in I’ with
which no type d ties are associated is found.

The use of suboptimal fusions necessitates the ap-
plication of a new stopping rule. If there is no value in
I" without type d ties, the analysis must terminate with
the number of classes present in the previous cycle.

2.5 The Improvement of Consensus Partitions

The series of consensus partitions obtained by
MINGFC satisfies the inequalities

CPyx=CM@) g1,
[C (P)xDIC (P)x_4l, and
ICoP)| = k 2IC, (P)].

That is, a consensus partition into k classes is always
finer than a consensus partition of objects into k-1 clas-
ses; this is a consequence of the agglomerative sorting
strategy. Once two objects were classified together at
a great value of k, they will remain in the same class
for the smaller values of k. As a result, the consensus
forest cannot be an equally good approximation to the
optimum for every value of k. However, if interest is
focused on a consensus partition for a particular value
of k, the consensus partition yielded by MINGFC may
be further improved by a nonhierarchical clustering
procedure. Algorithms for iterative relocation of objects
are well-known, for example, from k-means clustering
(Hartigan 1975). In the present case, the steps are as
follows.

5

1. Calculate the consensus index for the initial par-
tition.

2. Identify the object whose relocation into a new
class yields the minimum value of the consensus index.

3. Examine whether the new value is smaller than
the previous one. If so, the object selected is relocated
to the new class and the analysis continues with step
2. Otherwise, there is no object whose relocation would
improve the partition, and the actual partition is de-
clared as the final consensus.

Of course, even this iterative procedure might not
lead to an optimal consensus partition, since the final
result of iterative relocation is influenced by the start-
ing configuration. Nevertheless, the procedure does im-
prove the consensus partition and gives a closer appro-
ximation to the optimum, as demonstrated in section
3.1.2.

2.6 Computer Programs

Program MINGFC has been written in FORTRAN
(IBM System/370 version for mainframe computers and
Microsoft V4.0 for IBM XT and AT compatibles) to ge-
nerate consensus forests. The time requirement of the
program is higher than that of other currently used ag-
glomerative methods (cf. Day and Edelsbrunner 1984).
The calculation of the consensus index, with a time
complexity of 0 (n 2) for every candidate for consen-
sus partition, is done 0 (k 2) times in each clustering cy-
cle. Since the tie-resolving procedure requires the
scanning of matrix T, an additional 0 (k 2) time is need-
ed to find the minimum in each cycle. The occurrence
of ties in fact decreases computation time because the
number of clustering steps decreases. The fusions are
accelerated at the beginning of the analysis, when clas-
ses of C o (P) are formed. The space requirement of the
program is n 2i14n+s?+ s, where s is a reasonably lar-
ge number specified by the user for the maximum num-
ber of vertices allowed in a tie-graph. The
proportionality to n 2 stems from the simultaneous sto-
rage of D and I' in half matrix form; otherwise the tie-
breaking procedure would require repeated calculations
of vy leading to an increased time complexity of the al-
gorithm.

The input for this program is either a set of p class
membership arrays (the ith value in each signifies the
class into which object i belongs) or the dissimilarity ma-
trix in half matrix form. The output includes detailed
information on each clustering step (objects or classes
fused, number of within- and between-class dissimila-
rities, within- and between-class average dissimilari-
ties). If ties are found, all pairs associated with the tie
are listed and the type of tie-resolution is indicated be-
fore the list of fusions in that step. The user must deci-
de prior to program execution whether single linkage
or suboptimal fusions will resolve ties. The final gra-
phical result, the consensus forest, occurs on the line-
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printer.

FORTRAN program PARREL performs iterative re-
location of objects to improve a consensus partition for
a fixed value of k. In each iteration cycle the consen-
sus index, whose calculation has a time complexity of
0(n 2), is calculated n (k—1) times to find the object
whose relocation into another class gives the greatest
decrease in the consensus index. The input for this pro-
gram includes the same data used by MINGFC plus an
array defining the initial consensus partition.

Programs MINGFC and PARREL have been included
in the SYN-TAX III package (Podani 1988).

3. Examples

3.1 Artificial Partitions

Four partitions of 10 objects were constructed for il-
lustrative purposes. These are:

A, =11,2,3,4} (56,7, 8,9, 10},
A, = (1,2 3,4,5,6}(7,8,9, 10},
Ay = (1,2, 3,4,5)(6,7,8,9, 10},
A, =1{1,2,3,7) (4,5,6,8,9, 10}.

The upper half matrix of dissimilarities is given by

o
— DN DN DN
— DN W W W
DO O Q0 LW
[N\ IV R SN SN e
O = = DO O
OO k= DN

The strict consensus, as in apparent from D, has six
classes:

Co(P) = Zg = (1,23} (4] (5} (6} {7} (8,9, 10}

v(Zg) = 0.

3.1.1 Optimum Consensus Partitions

Since problem size is relatively small, it is easy to find
the optimum partitions in I (P) for every 2 = k = 5.
At the five-class level, the optimum is not unique:

{1, 2, 3} (4, 5) {6} {7} (8,9, 10}

{1, 2, 3} {4) {5, 6} {7} {8, 9, 10}

with v (Z 5) = 0.0565. Therefore, objects 4, 5 and 6 will
be tied in agglomerative clustering. For each smaller va-
lue of k, there is a single optimum:

Z, = (1,2, 3} (4,5} (6,7} (8,9, 10}
v (Z ) = 0.1476,

Zy= 11,23, 4) (5, 6} {7,8,9,10)
v (Z3) = 0.1914,
Z,=1{1,2,3,4,5)(6,78,9,10}

v (Z3) = 0.2848.

The optimum partitions do not form a nested hierar-
chical system. For example, the inequality Zy =171y
does not hold. Consequently, agglomerative methods
cannot detect the optimum for every k.

3.1.2 Approximate Optima Obtained by Hierarchical
Clustering

Two results produced by MINGFC, three alternati-
ve complete linkage clustering results, and the single
linkage dendrogram will illustrate the complexity of
consensus generation by hierarchical clustering. of
course, the methods agree in detecting Z g correctly;
differences arise at the other levels.

The MINGFC analysis with single linkage resolution
of ties amalgamates objects 4, 5 and 6 into the same class
(recall that y 45 = v 56 = 0.0565). Thus, the five-class
level is skipped and four classes result directly:

Q4 = {1,2,3) {4, 5,6} {7} {8, 9, 10}
v (Qy) = 0.172.

Then, no more ties occur inT', and the analysis conti-
nues normally:

Q3 = (1y 2v 3] {47 5y 6] {77 8) 9y 10]
v (Qg) = 0.213,

QZ = [17 2) 37 4’ 576} [7y 8, 9) 10}

v Q) = 0.396.

The results are summarized by the consensus forest of
Fig. 2a. Note that except for k=6 the partitions are not
optimal and the deviation of Q 5 from Z 5 is especially
striking.

Tie-breaking with suboptimal fusions in MINGFC pro-
vides a completely different fusion sequence. After
finding the strict consensus classes, the three lowest
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Fig. 2. Consensus hierarchies for four artificial partitions.
a: result of MINGFC with single linkage resolution of ties.
b: MINGFC with suboptimal fusions. c-e: complete linka-
ge solutions. f: single linkage solution.

values in I' are associated with ties:
Ya5 = v56 = 0.0665,
Y46 = ver = 0.114,

Y68, 9,100 = Y789, 10) = Y(1, 2 34 = 0.127.

For the third lowest value, we have a type c tie, resol-
ved by amalgamating class (1, 2, 3) with object 4:

Ry = {1, 2, 3,4} {5} (6} (7} {8, 9, 10}
vy (R5) = 0.127.

This suboptimal fusion eliminates all ties from the re-
maining steps:

R, - 1{1,2, 38,4} {5, 6} {7) (8,9, 10)

v (R4 = 0.150,

Ry = [1, 2, 3, 4} {5, 6} {7, 8,9, 10}

¥ (Rg) = 0.191,

Ry, = {1, 2, 3,4} {5,6,7, 8,9, 10}

v (R9) = 0.316.

The resulting consensus forest is given in Fig. 2b. As

seen, the solution is bad only for k=5, R4 and R , are
fairly close to the optimum and R 3=Z 3. Thus, in this

example suboptimal fusions performed better than sin-
gle linkage resolution of ties.

Complete linkage clustering is very sensitive to the
labeling of objects, because ties are resolved arbitrari-
ly. At a given value of ¢, there may be several parti-
tions which satisfy the criterion that all within-class
dissimilarities are less than or equal to c. Such alterna-
tives may be simply generated by relabeling the objects
prior to the analysis. Three variants are shown here
(Figs. 2c-e). Although the two-class partitions implied
by the dendrograms of Figs. 2c and 2e correspond to
the optimum, there is much doubt that complete lin-
kage clustering always performs well. The user is un-
certain whether there is only one consensus hierarchy
or several. Another point to be made is that the maxi-
mum number of partitions possible in a complete lin-
kage dendrogramis p+1 (i.e., atlevels 0, 1, ..., p). Thus,
if n )) p, which is usually the case, the representation
of data structure by a complete linkage dendrogram
may be too rough.

The single linkage method seems to give the poorest
result for the artificial partitions (Fig. 2f). This is ob-
viously the manifestation of the chaining effect. The
resulting levels are too few, and it seems unacceptable
to treat objects 4, 5, 6 and 7 in the same way.

3.1.3 Iterative Relocation

The results of MINGFC were improved by the itera-
tive relocation technique to see if it is possible to find
the optima by the joint application of hierarchical and
nonhierarchical consensus seeking methods.

Z 5 was obtained from both Q 5 and R , by reallocat-
ing a single object in each case. Z 3 was identical to R 5
and was obtained in a single step from Q 3. Also, a sin-
gle step was necessary to transform Q 4 into Z 4. Howe-
ver, there was no route from R 4 to Z 4 because the
relocation of any object in R 4 would have resulted in
an increase of the consensus index. This observation
shows that the final result of iterative relocation is sen-
sitive to the initial partition. The optimum for k=5 can
be obtained only from R 5 by relocating object 4, thus
yielding Z f.—,l). There is no route to find the other opti-
mum, Z (52), from the MINGFC results.

3.2 Partitions of Floristic Vegetation Data

Actual data for illustrating the consensus generation
are derived from a detailed study of the grassland com-
munities in the Sashegy Nature Reserve, Budapest,
Hungary (Podani 1985). The 80 sampling units taken in
the field were classified using six different hierarchi-
cal clustering methods based on the presence and ab-
sence of vascular plant species. The best agreement
among these classifications was observed to appear at
the three-class level. Thus, it is a natural problem to
seek a 3-class consensus partition which synthesizes the-



Fig. 3. Consensus forest for six floristic classifications of
the Sashegy data. Tie-breaking with suboptimal fusions.

se six classifications into one, and to reveal objects or
small classes primarily responsible for differences
among the competing results. The hierarchical consen-
sus generation procedures and the iterative relocation
method are clearly suitable to these objectives.

MINGFC was run using both tie-breaking procedu-
res, but the corresponding hierarchical levels were
much higher when the single linkage solution was ap-
plied. This accords well with the study of artificial par-
titions, suggesting that suboptimal fusions should be
preferred to resolve the ties. Therefore, in the sequel
reference to MINGFC analysis always implies that sub-
optimal fusions were incorporated into the clustering
algorithm. The MINGFC results were improved at high
hierarchical levels by the iterative relocation procedu-
re. In addition, complete linkage and single linkage clus-
ter analyses of the 80 objects were also performed using
program NCLAS from the SYN-TAX III package (Poda-
ni 1988).

The overall agreement of the six classifications is qui-
te high, since the three biggest classes in the strict con-
sensus contain 23, 14 and 18 objects, respectively. Of
course, it is shown by all three consensus seeking pro-
cedures used (Figs. 3-5). These classes form the kernel
of the classes A, B and C obtained at the 3-class level
in the consensus forest. Class C seems the most isola-
ted and most compact, especially in the MINGFC result
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Fig. 4. Consensus dendrogram of six floristic classifica-
tions of the Sashegy data. A complete linkage solution.
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Fig. 5. Consensus dendrogram of six floristic classifica-
tions of the Sashegy data. Single linkage analysis.

(Fig. 3). The complete linkage solution (Fig. 4) picks up
three objects that are closely related to class C, name-
ly objects 72, 79 and 80. Note, however, that the com-
plete linkage solution illustrated is not necessarily
unique, leaving us somewhat uncertain about the rela-
tionships above the zero level. Nevertheless, the sin-
gle linkage consensus (Fig. 5) confirms the above
relationship at least for object 72.

The three methods completely agree as to the com-
position of class A. In case of the single and complete
linkage solutions, class B is also invariant, whereas
MINGFC added objects 72, 79 and 80 to it. Thus, if we
disregard the latter objects, the consensus methods used
suggest exactly the same 3-class partition.

The consensus partitions obtained by MINGFC for
k=2, 3, 4, 5 and 6 were improved by iterative reloca-
tion (Table 1). At the two-class level considerable re-
duction of the consensus index was achieved by
relocating objects 72 and 79. For higher numbers of clas-
ses up to k=6, only 3-4 relocations were made showing
that MINGFC provided quite good approximations to the
optima.

Table 1. Comparison of the highest five fusion levels of
the consensus forest of six floristic classifications after
iterative relocation.

Number of v (C (P) ) Number of 7 Cc®yp
consensus before . . after
. iterations .
classes relocation relocation
2 .4479 0 4479
3 .1840 2 1597
4 1231 4 1077
5 .0825 3 0764
6 .0602 4 0621

The phytosociological interpretation of the above re-
sults is not difficult. Without entering into details that
are irrelevant here, it is worth mentioning that sampling
units in class A represent an open, relatively species-
poor vegetation type occurring on south-facing slopes,
with Festuca cinerea as the dominant species. Class C
corresponds to a contrasting vegetation type, a species-
rich, closed grassland community on N-NE-facing slo-

Ny
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Fig. 6. Allocation of the consensus partition of six flori-
stic classifications onto the schematic map of Sashegy Na-
ture Reserve, Budapest. Solid lines delimit strict consensus
classes, dotted lines separate the classes suggested by
MINGFC at the 3-class level and improved by iterative re-
location. Numbers show the localization of sampling units,
letters A, B and C indicate the vegetation types.

pes of the dolomite hills. The sampling units in class B
were taken mainly on W-SW-facing slopes and hilltops,
and represent a community intermediate between the
other two regarding both species richness and plant co-
ver. The spatial separation of these vegetation types is
illustrated by the map in Fig. 6.

For the description of the three community types,
sampling units forming the largest strict consensus clas-
ses (kernels) seem the most appropriate. Using another
terminology, the three kernels represent vegetational
noda points in an abstract spatial continuum. The sam-
pling units with ambiguous class membership represent
transitions between the noda points: the higher the le-
vel at which an object is fused with a kernel in the con-
sensus, the stronger the departure of its floristic
composition from that of typical sites, i.e., kernel clas-
ses. As the MINGFC strategy indicates at the two-class
level, the intermediate type is closer to type C than to
type A.

4. Concluding Remarks - Future Tasks

A new consensus index defined in terms of partial
clustering and partial isolation is suggested to select op-
timum partitions from the consensus interval. The
MINGFC strategy, in which the consensus index is adop-
ted as the fusion criterion, is appropriate to find a uni-
que series of consensus partitions, represented by the
consensus forest, in which each partition is an appro-
ximation to the optimum. However, hierarchical clus-
tering forces a nested structure on the series of con-
sensus partitions so that an iterative relocation proce-
dure is useful to provide a better solution for a
particular level. Because the optimum for each value of

9

k is not necessarily unique, the result of iterative relo-
cation may not be unique as well, showing that unique-
ness and optimality are sometimes conflicting
requirements. As complementary techniques of consen-
sus generation, complete linkage and single linkage clus-
tering from the dissimilarity matrix of objects may be
used. These techniques reveal interesting aspects of the
data not apparent from the consensus forest, and the
complete linkage method may perform better than
MINGFC although its results are affected by chance ef-
fects when the objects are labeled.

An advantage of the hierarchical representation of
objects is that the consensus partitions may be evaluat-
ed at several levels. The number of these levels is usual-
ly much more in the consensus forest than for single
and complete linkage hierarchies. When the number of
classes in the alternative partitions is a fixed value, the
evaluation of the consensus forest at that particular le-
vel will be the most appealing. This was the case in the
examples presented. The more general situation, with
unequal number of classes in the input classifications,
was not examined in the present paper.

The MINGFC strategy differs essentially from the
other agglomerative methods currently used. The fu-
sion criterion calculated for each pair of objects or clas-
ses utilizes all the values of the primary dissimilarity
matrix. As in multidimensional scaling, all dissimilari-
ties are equally important in affecting the final result.
This is not so with the complete and single linkage ana-
lyses whose results are influenced only by a minority
of entries in the starting matrix, the remaining values
can be changed within a relatively broad range without
imposing any change on the hierarchy.

If the primary matrix contains integers (as in case of
consensus generation), the possibility of finding ties du-
ring the clustering process is relatively high. If a uni-
que solution is sought, the resolution of ties is
important. Therefore, the problem of ties is examined
thoroughly in this paper. Four types of ties have been
distinguished, two of them posing no difficulties. For
the resolution of the other two situations two alterna-
tives are suggested: the single linkage procedure and
tie-breaking by suboptimal fusions. Analyses of artifi-
cial and actual data showed that the choice of tie-
breaking technique is crucial: the consensus partitions
obtained through suboptimal fusions are more optimal
than when single linkage resolution of ties is employed
by the algorithm. This is due to the chaining effect who-
se consequence is that the consensus index may be high-
er for a partition generated using single linkage resolu-
tion than for another consensus partition created by
breaking ties arbitrarily. Suboptimal fusions perform
better, but their application may lead to reversals in the
resulting consensus forests (although no reversals oc-
curred in the examples). A future research topic is to
investigate the utility of suboptimal fusions in other
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agglomerative clustering techniques.

The use of MINGFC is not restricted to the evalua-
tion of partitions. Any kind of distance or dissimilarity
matrix can be analyzed by this clustering strategy, so
that a more general meaning is attached to the consen-
sus index: this is the ratio of mean within-class and
between-class distances. Because this ratio is dimen-
sionless, the actual range and the nature of the distan-
ce coefficient in the primary matrix do not matter; the
hierarchical levels remain within the range [0, 1]. The
question whether alternative hierarchies, obtained by
applying different distance measures to the same data
set, are directly comparable requires the analysis of the
distributional properties of the fusion criterion.

In the general situation, MINGFC may directly inform
us about the classifiability of objects. When within-
cluster distances are much smaller than between-cluster
distances, the fusion levels are low, indicating high co-
hesion and separation of clusters, that is, high classi-
fiability. The closer the fusion level to unity the more
pronounced the tendency to have equal distances with-
in and between clusters, and the classifiability of ob-
jects becomes more doubtful. Therefore, contrary to
other currently used methods, MINGFC appears to be
able to indicate by itself how a group structure is forc-
ed upon a set of objects. This suggested property also
deserves future investigations using simulated data.
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